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Abstract
We introduce a multi�eld comparison measure for scalar �elds that helps in studying relations between them. The
comparison measure is insensitive to noise in the scalar �elds and to noise in their gradients. Further, it can be
computed robustly and ef�ciently. Results from the visual analysis of various data sets from climate science and
combustion applications demonstrate the effective use of the measure.

Categories and Subject Descriptors(according to ACM CCS): I.3.6 [Computer Graphics]: Computer Graphics—
Methodology and Techniques

1. Introduction

Data from present day simulations and observations of phys-
ical processes often consists of multiple scalar and vector
�elds. Studying the interactions between the �elds is pivotal
to understanding the underlying phenomenon.

Single scalar �elds are typically studied using tech-
niques like isosurfacing, direct volume rendering and con-
tour trees [HJ04,SML06,PWH01,CSvdP04,CSA00]. When
visualizing multiple scalar �elds, the above methods can be
used separately on each �eld and visualized side by side or
as overlays. The relationships and interactions that exist be-
tween the �elds are often not captured by such methods. Si-
multaneous visualization of all the �elds facilitates the un-
derstanding of interactions and relationships between them.
This can be accomplished by employing a comparative ap-
proach to capture the relationships between variables.

We present a new gradient-based comparison measure for
scalar �elds that is applicable on an arbitrary number of
scalar �elds de�ned on a manifold. The measure captures the
extent of alignment of the gradient vectors at a point. The
distribution of the measure over the domain provides key
insights into the interaction between input �elds. The mea-
sure satis�es various desirable mathematical properties, can
be computed ef�ciently, and is practically useful for study-
ing relationships between multiple scalar �elds. Our team of

visualization researchers and a climate scientist worked to-
gether to apply this measure for analyzing a hurricane simu-
lation data set and a global climate simulation data set. The
analysis helps explain various known meteorological and cli-
matic phenomena. We also demonstrate the effective use of
an aggregated version of the measure to the study of a com-
bustion simulation data set.

The main contributions of this paper are :

� A new multi�eld comparison measure to capture inter-
actions between multiple scalar �elds de�ned on ann-
dimensional domain,

� Theoretical results that establish the robustness of the
measure by showing its insensitivity to noise in the scalar
�elds,

� An algorithm to compute the measure ef�ciently, and
� Real world applications to demonstrate the effectiveness

of the measure in studying interactions between scalar
�elds in physical phenomena and an extension to vector
�elds.

The rest of the paper is organized as follows. We describe
previous work in Section2. In Section3, we de�ne the multi-
�eld comparison measure and prove its robustness and other
properties. We motivate the use of the measure and explain
its working in Section4. Computation of the measure is de-
scribed in Section5. We describe several applications of the
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measure in Section6. In Section7, we discuss the limitations
of the multi�eld comparison measure and its insensitivity to
noise in a real world data. We conclude the paper in Sec-
tion 8.

2. Related Work

A popular approach to visualizing multiple �elds is to com-
bine them into a single value and then render the combined
volume [CS99, BPRS98]. Woodring et al. [WS06] propose
that the data �elds should be rendered together within the
same space for user comparison. They use set operators to
combine the different �elds into a single �eld that extracts
the interesting portions of the data. These set operators can
either combine the color values of the input �elds or di-
rectly apply the operation in data space. Though combin-
ing volumes shows important parts of the data, the interac-
tions between the different variables that are of importance
to the domain scientists are not captured. For multi�eld time
varying data, Lee et al. [LS09] propose a linear time algo-
rithm to extract trend relationships among variables based
on studying the change of variables over time and how these
changes are related among different variables. Features in
multi�eld data have been extracted using techniques like
scatter plots [BW08] and variation density plots [NN10].

Multi�eld data have also been studied using statistical
methods. One important work in this area uses the local sta-
tistical complexity [JWSK07] to identify features which may
exhibit the same behavior in the future. Features are identi-
�ed as complex if the probability that they occur again is low.
In a later work, Jänicke et al. [JBTS08] improve the accuracy
and ef�ciency of computing the local statistical complexity.

The relationship between the different scalar �elds is pop-
ularly captured with the help of correlation measures. Sauber
et al. [STS06] use two different techniques to compare dif-
ferent scalar �elds at a point. One of them uses the alignment
of gradients of the �elds and also their magnitudes as a cri-
terion to measure similarity. When the number of �elds ex-
ceed two, pairwise similarity is computed and the least value
is considered. This would detect regions where two of the
�elds are highly correlated. An obvious limitation of this ap-
proach is that two highly correlated �elds would result in the
other �elds of the data to be ignored. In the same paper, the
authors also describe a local correlation coef�cient to detect
linear dependencies between the scalar �elds. The advantage
of this method is its insensitivity to scaling of the data �elds.
It also has the same limitation as the �rst approach. Gosink
et al. [GAJ07] also use correlation �elds to study the inter-
actions between the different variables in multi-�eld data.
The inner product of the gradients of two �elds of interest is
computed over principle level sets of a third �eld. They use
this approach to study combustion in methane and hydrogen.
A limitation with using the inner product of the gradients is
that only two �elds can be compared.

Edelsbrunner et al. [EHNP04] also employ a gradient-

based approach to measure relationships between scalar
�elds. In their work, they introduce a measure to compare
multiple scalar �elds both locally at a point as well as over
a region of the domain. In the case of three dimensional Eu-
clidean space and two �elds, they show that the measure at a
point reduces to the length of cross product of the gradients
of the �elds. This measure, though useful, has a limitation
that the number of scalar �elds that can be compared cannot
exceed the dimension of the domain.

In this paper, we also explore a gradient-based approach
to compare scalar �elds locally at a point. However, our
method is not limited by the number of �elds that can be
compared unlike previous approaches. Our method also ex-
tends to time-varying scalar �elds and to vector �elds. Fur-
ther, the measure is provably robust to noise in the input
�elds.

3. Multi�eld Comparison Measure

In this section, we introduce a gradient-based comparison
measure for multiple scalar functions. The measure is de-
�ned as the norm of a matrix comprising the gradient vectors
of the different functions. We �rst de�ne the matrix norm
before de�ning the measure and listing and proving its prop-
erties.

3.1. Matrix Norm

Let A be am� n matrix of real numbers. Thenorm of the
matrixA, denoted askAk, is de�ned as

kAk = max
kxk= 1, x2Rn

kAxk;

wherekxk represents the Euclidean norm of vectorx [HJ85].
We list four properties of the matrix norm that we will use
later to prove key properties of the comparison measure. In
particular, ifA andB are matrices of real numbers, then

1. kAk > 0 if A 6= 0 andkAk = 0 iff A = 0.
2. Fora 2 R, ka Ak = ja jkAk.
3. kA+ Bk � k Ak+ kBk andkA� Bk � jk Ak � k Bkj
4. kABk � k AkkBk.

3.2. Comparison Measure

Let M be a compact Riemannian manifold of dimensionn.
Let (x1;x2; : : : ;xn) be a local coordinate system such that the
unit tangent vectors form an orthonormal basis with respect
to the Riemannian metric. LetF = f f1; f2; f3; : : : ; fmg be a
set of smooth functions de�ned on the manifold. The deriva-
tive at a pointp 2 M is written as a matrix of partial deriva-
tives,

dF(p) =

2
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Figure 1: Piecewise-linear function de�ned on a triangle in
a 2D mesh.

We de�ne themulti�eld comparison measureh F
p at pointp

as the norm of the matrixdF(p), h F
p = kdF(p)k. The mea-

sureh F
p satis�es three important properties: symmetry, coor-

dinate system independence and stability. We now state and
prove these properties.

Symmetry. The measure is independent of the permutation
of the functions inF. The proof follows directly from the
de�nition.

Coordinate system independence. Let (x0
1;x0

2; : : : ;x0
n) de-

note a second orthonormal local coordinate system. LetJ
denote the Jacobian matrix that transforms the second coor-
dinate system to the �rst. SinceJ represents a transforma-
tion between orthonormal coordinate systems,jJvj = jvj for
v 2 Rn. This implies thatkJk = 1. We �rst observe that if
dF0(p) is the derivative atp for the new coordinate system,
then,

dF0(p) = dF(p)J:

This implies thatkdF0(p)k = kdF(p)Jk � k dF(p)kkJk by
applying Property 4 of the matrix norm. SincekJk = 1,
we havekdF0(p)k � k dF(p)k. Similarly, we can prove that
kdF(p)k � k dF0(p)k by considering the Jacobian that trans-
forms the �rst coordinate system to the second. This implies
that the matrix norms are equal independent of the coordi-
nate system.

Stability. We prove robustness of the measure when the
scalar functions in the setF are piecewise-linear functions
de�ned on a triangle mesh. We �rst observe that the deriva-
tive in the interior of a triangle is well de�ned and is a con-
stant. To simplify the description, we prove stability for a
2D triangle mesh representing a surface. Extension to higher
dimensions is straightforward.

Consider a triangle in the mesh with coordinates as shown
in Figure1. The function value at any interior pointp(x;y)
is given by

f p
i = ( A1 f 1

i + A2 f 2
i + A3 f 3

i )x+ ( B1 f 1
i + B2 f 2

i + B3 f 3
i )y;

where the constants(A1;A2;A3;B1;B2;B3) depend only on
a;b; andc. Consider a perturbationF = f f1; : : : ; fmg of the
functions in the setF, where fi = fi + ei and ei assumes
small values. The partial derivatives satisfy the following re-

lationship:

¶ fi
¶x

�
¶ fi
¶x

= ( A1e1
i + A2e2

i + A3e3
i )

and

¶ fi
¶y

�
¶ fi
¶y

= ( B1e1
i + B2e2

i + B3e3
i ):

Therefore, the difference between the derivative matrices is

dF(p) � dF(p)

=

2
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Using Property 3 of the matrix norm,

jh F
p � h F

p j � k dF(p) � dF(p)k:

Let e = sup
1� i� m;p2M

jei(p)j. Using Property 4 of the matrix

norm to rewritekdF(p) � dF(p)k, we get

jh F
p � h F

p j � k dF(p) � dF(p)k
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The above equation indicates that a �nite change in the func-
tions results in a bounded change in the multi�eld compari-
son measure. The amount of change additionally depends on
the size of the triangle.

The rows in the matrixdF(p) represent the gradient vec-
tors of the function. It is therefore easy to see (using property
3 from section3.1) that a bounded change in the gradients
will also result in a bounded change in the comparison mea-
sure. The multi�eld comparison measure is therefore robust
with respect to perturbations in the scalar functions as well
as their gradients.

4. Analyzing Synthetic Functions

We describe the motivation for the de�nition of the multi-
�eld comparison measure by considering the case of one and
two analytic functions. Next, we show how the comparison
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Figure 2: Multi�eld comparison measureh F computed for synthetic functions de�ned on a 2D grid with the center as origin.
(a) Two functionsf1(x;y) =

p
(x� 0:25)2 + y2 and f2(x;y) =

p
(x+ 0:25)2 + y2. The measureh F attains high values on the

Jacobi set and low values where the gradients are orthogonal.(b) The sinusoidal functionf1(x;y) = sin(3(x+ y)) and the linear
function f2(x;y) = y. (c) Three functionsf1(x;y) =

p
x2 + y2, f2(x;y) = 1

2(
p

3x+ y), and f3(x;y) = 1
2(�

p
3x+ y): (d) One

hundred different scalar functions, whose gradient vectors have unit magnitude and directions are chosen uniformly at random
at points on the two axes and are chosen to be some constant at remainingpoints on the plane.

=

=

Figure 3: Two pairs of equivalent con�gurations of gradients
of three functions described in Figure2c. Gradient vectors
subtend an angle of 120� at points along theY-axis (top) and
are more closely aligned with each other at points along the
X-axis.

measure naturally extends to a larger number of scalar func-
tions. We also show that the comparison measure can be used
to capture the variation in gradient vectors over time for time
varying scalar �elds and to capture variation in time-varying
vector �elds.

One / two scalar functions.In the special case of a single
scalar function, the comparison measure at a pointp is equal
to the maximum rate of change of the function, which is es-
sentially the length of the gradient vector atp. The gradient
vector and its length have been used to study the behavior of
a function with respect to the domain [GNP� 06]. The pro-
posed measureh F is a natural extension of the notion of
gradients and their relationship to multiple functions.

In the case of two smooth scalar functions, the gradients
along with their mutual alignment is an indicator of the re-
lationship between them [EHNP04, GAJ07, STS06]. Given
two non-zero gradients, the multi�eld comparison measure
h F assumes the highest value when the gradients are paral-
lel or anti-parallel. This set of points where the gradients
align is called the Jacobi set [EH02]. The Jacobi set has
been previously used to study the relationship between scalar

functions [EHNP04]. The comparison measure assumes a
minimum when the gradients are orthogonal. Orthogonal-
ity of the gradients indicates mutual independence of the
functions. Figure2a shows the computed comparison mea-
sure for two paraboloids,f1(x;y) =

p
(x� 0:25)2 + y2 and

f2(x;y) =
p

(x+ 0:25)2 + y2 de�ned on a 2D grid. The Ja-
cobi set is the liney= 0 shown in dark red. The dark blue cir-
cle joining the centers of the paraboloids is the set of points
where the gradients are orthogonal. Figure2b depicts an-
other example, a sinusoidal functionf1(x;y) = sin(3(x+ y))
and a linear functionf2(x;y) = y. The comparison measure
assumes high values at the Jacobi set (shown in bright red)
and the set of points with orthogonal alignment of gradients
has low values (shown in blue). We note that when the gra-
dient of a function is replaced with its negative, the measure
remains the same. Two different con�gurations of the gradi-
ents yield the same comparison measure if it is possible to
make a transition from one to another by replacing gradients
with their negatives.

Multiple / time-varying scalar functions. Consider three
functions f1(x;y) =

p
x2 + y2, f2(x;y) = 1

2(
p

3x+ y), and
f3(x;y) = 1

2(�
p

3x+ y). The multi�eld comparison measure
(see Figure2c) is minimum along theY-axis. The gradient
vectors at points on theY-axis subtend an angle of 120� with
each other, whereas they are more aligned at points on theX-
axis, see Figure3. Figure2dshows the comparison measure
computed for hundred different scalar functions de�ned on a
grid. All gradients have unit magnitude and the direction of
the gradients for points on theX andY axis are chosen uni-
formly at random. The gradients of all scalar functions are
chosen to be equal at other points on the plane. We observe
that the values of the comparison measure on the two axes
are low compared to the values elsewhere on the grid. This
indicates that given a set of gradient vectors with �xed mag-
nitudes, the measure takes high values where the directions
are more “coherent”.
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Given a single time varying scalar �eld, we construct the
setF of multiple scalar functions with one function corre-
sponding to each time step. The multi�eld comparison mea-
sure in this case measures the variation of the scalar func-
tion over time. We extend the measure to compare multiple
vector �elds or analyze the variation in time-varying vector
�elds by replacing each row in the derivative matrixdF(p)
with the input vector at the pointp.

5. Computation

Evaluating the multi�eld comparison measure at a point re-
quires the solution to a maximization problem. In this sec-
tion, we describe how this computation can be reduced to
the faster evaluation of the maximum eigenvalue of a posi-
tive semi-de�nite matrix.

Maximum eigenvalue computation.From the de�nitions
of the multi�eld comparison measure and the norm of a ma-
trix, we have

h F
p =

�
max

x2Rn;kxk= 1
xT (dF(p))T (dF(p))x

� 1
2

:

We rewrite the matrix product(dF(p))T (dF(p)) asUTL U,
whereU is an orthogonal matrix andL is a diagonal matrix
consisting of the eigenvalues of(dF(p))T (dF(p)) as entries
in its diagonal. This follows from the spectral theorem from
linear algebra [HK71]:

h F
p =

�
max

x2Rn;kxk= 1
xTUTL Ux

� 1
2

:

Since the orthogonal matrixU represents a length preserv-
ing and invertible transformation, we can write the above
expression as

h F
p =

�
max

x2Rn;kxk= 1
xTL x

� 1
2

= maxf
p

l : l is a diagonal element ofLg

= maxf
p

l : l is an eigenvalue of(dF(p))T (dF(p))g:

For piecewise linear functions de�ned on a triangle mesh,
the derivative matrixdF(p) is constant within a triangle and
can be computed by choosing a local coordinate system.
When the data is available over a structured grid and lin-
early interpolated along each coordinate axis, the difference
between neighboring points in each axis direction can be
used to approximate the partial derivatives at sample points
and hence computeh F . We note that following an approach
similar to proving stability for piecewise linear functions, we
can show that the comparison measure computed using this
approximation for the gradient is also robust to noise in the
input.

Analysis.The size of then� n matrix(dF(p))T (dF(p)) de-
pends only on the dimension of the domain. Therefore, the
time taken for computing the measure also depends only on

(a)
4.21

537.22

(b)

Figure 4: (a) The hurricane track released by the US Na-
tional Hurricane Center (source: http://www.nhc.noaa.gov).
The track relevant to the period of simulation is between
point 17 and point 19 when the hurricane struck the coast.
(b) Multi�eld comparison measure computed for nine pres-
sure �elds. The region in red with high values of the com-
parison measure corresponds to the trace of the eye of the
hurricane. Land is shown in green.

the dimension of the domain and is, in particular, indepen-
dent of the number of �eldsm.

6. Applications

We use the multi�eld comparison measure to study various
real-world data from weather modeling, climate simulations,
and combustion simulations.Observations on the combus-
tion data were compared with prior work described in the
literature. First, we study a simulation of the hurricane Is-
abel. Next, we apply our multi�eld comparison measure on a
global wind pattern data set. Finally, we study a combustion
simulation data set by aggregating the multi�eld compari-
son measure over the domain at each time step. The data in
the following applications varies in the dimensionality of the
domain and the number of �elds – two scalar �elds de�ned
on a 3D domain, multiple time-varying scalar �elds de�ned
on 2D and 3D domains, and time-varying vector �elds. In all
cases the analysis is based on the proposed multi�eld com-
parison measureh F . We perform experiments on data sets
obtained using a variety of climate models. In Section 6.2,
we describe results from a single climate model. The sup-
plementary material includes �gures from our experimental
results on three additional models, which demonstrate the
applicability of the proposed method.

6.1. Isabel Hurricane

Hurricane Isabel struck the west Atlantic region in Septem-
ber 2003. A simulation of the phenomenon was performed
on a 600� 600� 100 grid corresponding to a physical area
of 2139km� 2004km� 19:8 km over 48 time steps corre-
sponding to 48 simulated hours [WBK04]. Several quantities
were computed by the simulation. The scalar �elds relevant
to our experiment are pressure (Pf) and the horizontal wind
velocity components (Uf and Vf).
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(a)
Uf=-62

Uf=55

(b)
Vf=-53

Vf=66

(c)

Warm Front

Leading Warm
      Front

Cold Front 3

14

(d)

Figure 5: Fronts in Hurricane Isabel at hour 10.(a)Region of simulation. Land mass is shown in red.(b) Volume rendering (top
view) of horizontal wind speed Uf.(c) Volume rendering (top view) of horizontal wind speed Vf.(d) Volume rendering (top
view) of multi�eld comparison measureh F computed for Uf and Vf showing the rainbands at different fronts. The location of
the fronts is not available from the individual scalar �elds Uf and Vf.

Uf=-68

Uf=48

(a)
Uf=-58

Uf=70

(b)

Cold Front

Occlusion

Warm
Front

0

19

(c)
0

19

(d)

Figure 6: Fronts in Hurricane Isabel at hour 40.(a) Volume rendering (top view) of horizontal wind speed Uf.(b) Volume
rendering (top view) of horizontal wind speed Vf.(c) Volume rendering (top view) of multi�eld comparison measureh F

computed for Uf and Vf showing the rainbands at different fronts. The cold front leads the warm front resulting in an occlusion.
(d) Volume rendering from a different viewpoint .

Hurricane track. The horizontal pressure gradient can be
observed to be high near the eye of the hurricane throughout
the simulation. We study the pressure �eld at every �fth time
step de�ned on a 2D slice corresponding to altitude 1500m.
Figure 4b shows the multi�eld comparison measure com-
puted for the nine pressure �elds. The red circular regions
that correspond to high values of the comparison measure
correspond to the hurricane track. Figure4ashows the track
provided by the US National Hurricane Center for reference.
The results are similar when we compute the multi�eld com-
parison measure for all 48 pressure �elds. One of the hori-
zontal pressure gradients assumes a high value at the eye
compared to the rest and hence the comparison measure is
higher compared to regions far from the path of the eye.

Rainbands and fronts.Cloud structures associated with an
area of rainfall, called rainbands, occur mainly at boundaries
separating two masses of air of different densities and tem-
peratures, called fronts. The leading edge of the cooler mass
of air is called the cold front and the leading edge of a warm
air mass is called the warm front. The turbulence of the hor-
izontal wind velocity is high near rain bands. We study the
fronts by computing the multi�eld comparison measure for
the pair of 3D scalar �elds Uf and Vf, where the 3D do-

main corresponds to the volume in the altitude range 1500m-
5800m.

First, we compute the multi�eld comparison measure for
the �elds Uf and Vf in the 10th time step. Figure5 shows the
result of our experiment as volume rendered images with the
view point located above the volume. In particular, Figure5d
shows the location of two warm fronts and a cold front. This
information about fronts cannot be extracted from the two
functions individually (see Figures5b and5c). The compar-
ison measure successfully captures the relationship between
the �elds at the fronts. The warm front leads the cold front
in the 10th time step. The precipitation structures indicated
by light red spots on the rain bands on the land mass were
responsible for heavy rainfall in Florida. Next, we compute
the multi�eld comparison measure for the �elds Uf and Vf
in the 40th hour of simulation. We observe that the warm
front at the north has disappeared, see Figures6c and 6d .
The previously leading warm front is overtaken by the cold
front resulting in an occlusion.

Value of Study.Both structures discussed above are key to a
comprehensive study of the hurricane. The track of a hurri-
cane or a cyclone generated from a forecast is helpful in pre-
dicting the areas susceptible to severe weather. Fronts often
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give valuable information about severe weather to the fore-
caster. Rainbands at cold fronts are often strong in nature
and can be responsible for heavy thunder storms. Typically,
occlusion fronts are associated with thunder storms and their
passage results in the reduction of humidity.

6.2. Global Wind Patterns

Prevailing winds are winds that blow in a dominant direc-
tion at a particular point. Movements in the Earth's atmo-
sphere affect these winds. In regions of mid-latitudes, the
winds blow from west to the east and are known as west-
erlies. The winds found in the tropics near the equator are
easterlies or trade winds. Figure7ashows the different pre-
vailing winds on earth. We study wind patterns on earth
using a climate simulation of 50 years between 1960 and
2009 [RBB� 03]. The data is available for 600 time steps
corresponding to each month over the period of simulation.
Each time step is a 3D grid with resolution corresponding to
1� � 1� � 16plev(pressure elevations) on earth. Pressure el-
evations correspond to pressures varying from 1000 hPa on
the surface to 30 hPa in the upper atmosphere.

Westerlies and trade winds.The wind velocity at a point
on the grid is a vector quantity. We use the monthly wind
velocities as rows in the derivative matrix and compute the
matrix norm for 600 vector �elds. The normh F measures
the variation of the wind velocities over a time period of
50 years. Figure7b shows the distribution of the computed
comparison measure over a surface corresponding to pres-
sure elevation 925 hPa. Comparing with wind patterns in
Figure7a, we see that the measure assumes high values in
regions that lie in the path of prevailing winds, particularly
the westerlies found in the regions surrounding Antarctica,
the region of hurricanes in Atlantic, the cyclone prone re-
gion between Madagascar and Australia, and the trade winds
across the Atlantic sea traveling towards the Caribbean sea.
The distribution of the comparison measure over the isobar
for pressure level 300 hPa, which corresponds to approxi-
mately 30000 feet above sea level, is shown in Figure7c.
The values of the comparison measure are higher compared
to Figure7b because friction and other effects can cause the
wind �ow at 925 hPa to be less steady than at higher lev-
els such as 300 hPa. We note that the comparison measure
assumes high values over the temperate regions correspond-
ing to the westerly jet. This is a semi-permanent feature of
the mid-latitudes. Many regions in the tropics undergo a sea-
sonal reversal of wind (called the monsoons). Lower values
of the comparison measure over the tropics indicates un-
steadiness and corresponds to a seasonal reversal in wind
pattern over this part of the world.

Storm tracks. The regions over the ocean with warm tem-
peratures (> 27� C) are susceptible to storms. We �lter out
regions with lower temperatures and restrict our analysis to
the months from June to November with the aim of locating
storm tracks. Regions shown in blue in Figure7ehave been

�ltered out. The red regions match closely with the storm
tracks shown in Figure7d. We notice that even though the
west coast of South America has trade winds, storms are par-
ticularly absent due to lower temperatures. The storm preva-
lent regions in the Indian, Atlantic, and Paci�c oceans have
high values of the comparison measure.

Value of Study. Wind patterns give the details of the wind
over a particular place. They cause various local and global
phenomena and are widely studied by climate scientists. For
example, the trade winds are responsible for tropical cy-
clones over oceans. Storm tracks generated using winds give
us information on regions where storms are more probable.
Computing storm tracks for long periods would require as-
certaining tracks of every individual hurricane and cyclone
and plotting them. Our approach simpli�es this computation
by considering all 600 time steps together to generate the
distribution of the comparison measure.

6.3. Hydrogen Combustion

We study phases in the combustion of an inhomogeneous
turbulent mixture of fuel and oxidizer. Hydrogen fuel at
300K is mixed with an oxidizer (21% oxygen) at 1200K.
The in�uence of turbulence on the different phases of com-
bustion is studied in the simulation. The compressed fuel
ignites at multiple spots because of the inhomogeneity in
the air-fuel ratio. Depending on the air-fuel ratio, the �ame
either propagates in an outward direction from the ignition
spot or burns out. Further details of the computation can be
found in the description of the simulation by Echekki and
Chen [EC03] and in the description of a visual analysis of
this data by Koegler [Koe01]. The domain of the simulation
is a 600� 600 grid for 67 time steps. The species mass frac-
tions of the fuel H2, oxygen O2, and intermediate HO2 are
given at each grid point for all time steps.

Phases of combustion.We aggregate the multi�eld compar-
ison measure for a time stept by computing its integral over
the domainD of simulation:

h F;t =
Z

x2D

h F
x dx:

In our study, we consider all three scalar �elds for com-
puting the comparison measure for a time step, i.e.F =
f H2;O2;HO2g. The plot ofh F;t over time is shown in Fig-
ure 8. We compare our results with a plot of the global
comparison measurek , introduced by Edelsbrunner et al.
[EHNP04], see Figure8. The �elds used for computingk
are H2 and O2. The maximum number of �elds thatk can
compare over a 2D domain is two, whereas we are able to
consider all three �elds in our analysis.

Following the work of Koegler, the areas in the domain
that eventually ignite can be considered as features. In the
pre-ignition phase, the concentrations of the intermediate
radicals build up in regions that have suf�cient mass frac-
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Figure 7: Multi�eld comparison measureh F computed for wind velocities over the years 1960-2009, where the comparison is
over a set of six hundred 3D vector �elds.(a) Map of world showing wind patterns (source: Wikipedia)(b) Distribution ofh F

over surface corresponding to pressure elevation 925 hPa. The dark red regions correspond to the wind patterns.(c) Distribution
of h F over surface corresponding to pressure elevation 300 hPa. The temperate regions exhibit higher values.(d) Storm track for
the years 1985-2005 (source: Wikipedia)(e) Distribution ofh F after removing regions with low mean temperature (< 27� C).
Red regions correspond to the storm tracks. The world map is overlaid for clarity.

tion of H2. The number of features attains a maximum dur-
ing time steps 7-14 [Koe01]. This is captured by a knee in
the plot ofh F;t . The plot ofk does not indicate changes
that happen in the pre-ignition build up of radicals because
the intermediate HO2 is not considered in the computation.
Ignition (time step 28) happens at areas with high radical
concentrations during the ignition phase and the �ame front
spreads to hot enough areas with the right mix of fuel and ox-
idizer during the burning phase (time steps 50-55). Ignition
and burning are captured by a minimum and a maximum re-
spectively in the plot ofh F;t . These phases are also captured
by k because the interaction between H2 and O2 mainly hap-
pen during this time. The beginning of the extinction phase

(approximately time step 60) where the �ame begins to ex-
tinguish is also captured more clearly by a minimum in the
plot of h F;t . We believe that the reasonh F;t is able to capture
more information compared tok is because all three �elds
play a role in de�ning the phases.

7. Discussion

We now discuss some limitations of the multi�eld compari-
son measure and describe an experiment to study the sensi-
tivity of the measure to noise in the input.

Limitations. The basic premise behind using the compari-
son measure to capture relationships in multi�eld real world
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Figure 8: Analyzing phases of combustion using an aggre-
gateh F;t of the multi�eld comparison measure over the do-
main within a time stept. The setF = f H2;O2;HO2g. The
plot of h F;t (blue) over time captures more phases of the
combustion process compared to the plot of the global com-
parison measurek (H2;O2) (red) proposed by Edelsbrunner
et al. [EHNP04]. The vertical dashed lines approximately
correspond to the four phases of combustion: pre-ignition,
ignition, burning, and extinction.
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Figure 9: Stability in the comparison measure for Isabel.
(a) Volume rendering (top view) of multi�eld comparison
measureh F computed after adding Gaussian noise (standard
deviation = 1) to the �elds Uf and Vf. The rain bands are
still clearly visible.(b) Graph showing near linear relation-
ship between the standard deviation of the noise in the input
s in, and the mean deviation of the comparison measuresh F .

data is the fact that the agreement among the different gra-
dient �elds can often capture interactions among �elds. In
many applications, where this does not hold good, using
the comparison measure or other gradient based compari-
son measures would be less fruitful. We therefore believe
that gradient based techniques such as ours complements
other well known techniques like the local statistical com-
plexity [JWSK07] and the Pearson correlation coef�cient.
Another drawback of the comparison measure is its sensitiv-
ity to scaling of individual �elds.

Sensitivity to noise.We validate our claim that the com-
parison measure is insensitive to noise using the hurricane
data described in Section6.1. The different features present
in the data like the weather fronts are still clearly visible in

the computed comparison measure �eld after adding a Gaus-
sian noise (standard deviation = 1) to the input �elds Uf and
Vf of the 10th time step in the simulation, see Figure9a. It
should be noted that the noise we have added is large and
quite unlikely to occur in real data sets. We also study the
mean deviation in the comparison measure computed on in-
put with Gaussian noise of different amplitudes. Figure9b
shows the linear relationships between the observed mean
deviation ofh F and the noise, which indicates that the mul-
ti�eld comparison measure is not much sensitive to noise.

8. Conclusions

We have described a robust multi�eld comparison measure
for scalar �elds whose distribution over the domain plays
an important role in the visual analysis of the input �elds.
The comparison measure is computed locally at all points of
the domain as the maximum eigenvalue of a small sized ma-
trix. We described applications of the comparison measure to
study various simulation datasets from climate science and
combustion studies where the data is represented using mul-
tiple 2D, 3D, or time-varying scalar �elds. We used the com-
parison measure to study up to 600 scalar �elds de�ned on
the domain. We list three ideas for future work:

� The multi�eld comparison measure being sensitive to the
scaling of individual �elds may not be always desirable.
One approach to address this issue is to scale the scalar
�elds or normalize their gradients. Though this method
would work in some cases, it could bias the results by
scaling up small insigni�cant gradients. A complete solu-
tion is still a challenge.

� Integrating the multi�eld comparison measure into
the query-based visualization framework of Gosink et
al. [GAJ07] will be an interesting task.

� Identi�cation of important isovalues of a scalar function
in multi�eld data is a challenging problem. A global ver-
sion of the proposed comparison measure may help locate
these isovalues.
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